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In this work we combine the well established Kondo problem with the more speculative field of a
discrete space time. We show that a discrete energy space induces a flow towards a new fixed point
by breaking the conservation of charge and spin and lifting the fermion parity. This parity lifting
fixed point appears on a scale set by the discretization of energy space. In contrast to the Planck
scale the associated energy scale is at very low energy scales, possibly given by the inverse size of
the universe.
INTRODUCTION
One of the most striking features of quantum mechan-
ics is the non-locality of entanglement, which has recently
been verified by several independent experiments [1–5]
testing Bell’s inequality [6], including impressive bounds
[7] on the minimal speed. Taking this concept to its ul-
timate limit every particle should be able to explore the
complete universe, even currently unknown parts of the
universe possibly containing new physics. At least we can
not rule out such an entanglement. In return we should
treat every particle as a particle in a box, namely the
universe, which leads us to the conclusion, that there is
a discrete space–time at very low energies. Such an hy-
pothesis opens the possibility for rather unconventional,
speculative scenarios, e.g. a deterministic description of
the world which does not violate Bell’s inequalities [8, 9].
A discrete world is also seen as a possibility to overcome
the fundamental difference between general relativity and
quantum mechanics, leading to concepts like quantum
foam [10] or non-commutative geometry [11, 12]. There
one actually assumes a minimal length scale, see also [13],
corresponding to a high energy scale set by the Planck
scale. In contrast we are studying the case where the
world is discrete at low energy scales. Assuming a size
of universe of L = 9.1 1010 light years [14] quantum me-
chanics implies an energy scale Ep for our particle in the
universe system of
Ep =
~c
L
≈ 3.6 10−35 eV , (1)
with c the speed of light, and ~ the reduced Planck con-
stant. While this scale is far below any current experi-
mental resolution there might exist emergent phenomena
influencing physics to much higher, experimentally ac-
cessible, scales. Alternatively one may look at quantities
where single particle effects can lead to a drastic change
of observables. Since a discretized world naturally breaks
all sorts of symmetries the search for an unusual break-
ing of a symmetry is an interesting candidate for such
an observable. Here we study the fermion parity P = N
mod 2, with N the number of fermions in the universe,
which has the interesting property that it is sufficient to
break the fermion parity for a single fermion to destroy
the symmetry completely, despite N being very large.
Note, that the fermion parity is either zero or one. We
can’t just perturbativly change it a little bit without de-
stroying the symmetry, So, if somewhere, even in the far
distant parts of the universe, an unknown mechanism
breaks the fermion parity, we might be able to observe it
in the lab. In the following we demonstrate that a dis-
cretized world itself may already lead to such a breaking
of the fermion parity.
As a system to study the conservation of the fermion
parity we look at the Kondo model. The Kondo model
and the associated Kondo resonance can be seen as the
prime examples for correlated quantum systems. The
Kondo problem itself can be traced back to the exper-
iments by de Haas and van den Berg [15] in the early
1930s which displayed an increase in resistivity of noble
metals like gold or silver. It took 30 years until Kondo
[16, 17] could relate the increase of resistivity to dynam-
ical scattering at magnetic impurities. But it was only
more than 30 years later that Wilson could provide a rig-
orous solution of the Kondo model based on his numerical
renormalization group (NRG) technique [18–21]. A few
years later Andrei [22] and Vigman [23] could verify the
numerical solution of Wilson by a Bethe ansatz solution.
Besides its importance in describing magnetic impurities
in metals it is also important in understanding the trans-
port properties of quantum dots [24] and often appears
as effective model in understanding correlated quantum
systems, e.g. the dynamical mean field theory [25, 26].
For an overview see [21].
The striking feature of the Kondo model, where a spin
1/2 is coupled to a conduction band via exchange cou-
pling, is that the system consist of two regimes: the weak
coupling (WC) and the strong coupling (SC) regime and
the NRG allows us to study the crossover between these
regimes. In the weak coupling the system looks like a
local moment, i.e. the spin impurity, and a separated
conduction band which are perturbativly coupled, while
in the SC regime the local moment is screened by the con-
duction band forming a singlet. In summary the Kondo
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2model and its solution via the NRG technique are by
now well studied and the NRG is the reference method
of choice for equilibrium quantum impurity problems,
The last ingredient missing in our study is a descretized
representation of the universe. Here we assume that the
energy discretization is a fundamental property and not
just a consequence of the particle in the universe problem,
e.g. commutation relations are only valid up to O(Ep).
To this end we point out that typically all simulations
on todays computers are performed within a discrete de-
scription. For instance the IEEE 754 description [27] of a
binary64 (double precision) number consists of 64 bits,
53 [? ] for the mantissa, one sign bit, and 11 bits for the
exponent leading to 15 to 17 significant digits represent-
ing the resolution of the world. While it is not surprising
that the limited precision in representing real numbers
may eventually change the results of the iterative RG
procedure, it is surprising that instead of obtaining a nu-
merical mess the system flows to a new fixed point where
fermion parity is lifted.
KONDO MODEL
The Kondo model describes a local impurity coupled
to a conduction band. Following section VII and VIII
of [18] the conduction band is transformed into spheri-
cal harmonics around the impurity and only the s-wave
contribution is kept. The remaining model of a spin im-
purity coupled to a half infinite chain is then discretized
on a logarithmic scale. The system is then tridiagonal-
ized leading to the following form:
HM = J ~ˆS~ˆs1 +
M∑
n=2
tn−1
∑
σ
cˆ†n,σ cˆn−1,σ + h.c. . (2)
Here we follow the usual convention of
~ˆ
S being the
SU(2) spin operator of the impurity, ~ˆs1 is the spin oper-
ator of the first conduction band site, cˆn,σ (cˆ
†
n,σ) is the
annihilation (creation) operator for a conduction band
fermion with spin σ in energy shell n. J denotes the
Heisenberg exchange coupling and
tn = tΛ
(n−1)/2 (3)
is taken in its most simplistic form ignoring any correc-
tions stemming from the original band structure as we are
interested in very low energy physics only. For a justifi-
cation for this Hamiltonian we refer to excellent articles
by Wilson [18, 19]. However, for this work it is sufficient
to know that H (2) describes a single spin coupled to a
1D like tight binding chain where the n-th site represents
the physics at energy scale tΛ(n−1)/2.
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FIG. 1. The RG flow of the low energy spectrum for a Kondo
model with coupling J = 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, and
0.5, Λ = 2.0, and m = 2000. The RG scale tn = Λ
−(n−1)/2 is
expressed in units of the Kondo temperature TK(J).
KONDO RG FLOW
The important feature of the Wilson NRG is the exis-
tence of a fixed point H˜∗ in the low energy regime of the
(half-) group iteration T
H˜M = ΛM/2HM (4)
T
[
H˜M
]
= H˜M+1 (5)
T 2
[
H˜∗
]
= H˜∗ (6)
The reason for rescaling HM in (4) consists in the fact
that we are interested in the low energy scales. Naturally,
by adding a new energy scale in H one obtains levels
which are a factor of Λ−1/2 smaller. So one could never
obtain a fixed point. Instead one blows up the Hamilto-
nian precisely by this factor. In return by adding a new
layer / site one first rescales the current Hamiltonian by
Λ1/2 and couples the new site with a hybridization of
t. Of course, when we are interested in the associated
physical energy scale we have to undo the rescaling of
(4). Wilson [18] has shown that the energy spectrum of
the rescaled Hamiltonian can be used to classify regimes
of the Hamiltonian of interest. It turns out [18] that for
the Kondo model one obtains two regimes: weak (WC)
and strong coupling (SC), see Fig. 1. For a small number
of lead sites M , corresponding to high energy scales, the
systems looks like a free spin that is weakly coupled to
M conduction bath sites, while at low energy scales, i.e.
large M , the impurity spin forms a singled with one con-
duction band electron, which acts as a weak perturbation
to effectively M − 1 conduction band sites. The striking
feature of the Kondo model is the appearances of a scale
TK
TK = D
√
J/D e−D/J (7)
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FIG. 2. The RG flow of the low energy spectrum for a
Kondo model with couplings J = 0.2, 0.25, 0.3, 0.35, and 0.4,
Λ = 2.0, and m = 2000, where the N and Sz conservation is
not explicitly enforced. In addition the lines show the results
for J = 0.4 and m = 1000 states kept. The RG scale tM
is expressed in units of the Kondo temperature TK(J), see
Eq. (7).
with the D = 4t the band width for the Hamiltonian
Eq. (2) and t the band hopping element Eq. (3).
In Fig. 1 we show the flow of the five lowest excitation
energies vs. the energy scale TM = Λ
(M−1)/2 in units of
TK. In this computation the particle number and the S
z
component of the total spin where explicitly conserved by
working with a block matrix representation of the Hamil-
tonian. Note that within the NRG scheme [18, 19] the
ground state energy E0 is shifted to zero. The collapse
of the data points, when rescaled with the Kondo tem-
perature, demonstrates the single parameter scaling of
the Kondo problem: physics is governed by the scale TK
Eq. (7) which is exponential in 1/J . In addition, the
NRG procedure is extremely stable, even down to scales
which are more than twenty orders in magnitude smaller
compared to the Kondo scale, which itself is already a
low energy scale.
FERMION PARITY LIFTING FIXED POINT
The situation changes if we do not enforce the sym-
metries, like spin and charge conservation, in the NRG
code. In Fig. 2 we show the the NRG flow in simulations
without enforcing any symmetries. For not too small en-
ergy scales we obtain precisely the same results as with
enforced symmetries. Of course, deviating results would
imply an error in the code. However, in contrast to a
standard NRG simulation as in Fig. 1, we now witness
the flow towards a new fixed point at extremely small
energy scales which clearly is not related to the Kondo
scale TK. In Fig. 2 we have added the results for J = 0.4
and m = 1000 instead of m = 2000 states as used for the
results represented by symbols. While the results still
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FIG. 3. The RG flow of the low energy spectrum for a Kondo
model with coupling J = 0.2, Λ = 2.0, and m = 2000 vs. the
NRG step (lead size) M , where the N and Sz conservation is
not explicitly enforced. The crosses and the squares are the
even M sector, and the circles and triangles are the results in
the odd M sector. The crosses and the circles are calculated
within double precision, the squares and the triangles are
calculated using long double precision. The line shows the
results for a calculation where particle number and the total
spin Sz component is explicitly conserved.
change with m, the overall picture does not change.
In order to investigate this new fixed point we show
in Fig. 3 the results for J = 0.2 vs. the NRG step, i.e.
the lead size, M . As mentioned before, a property of the
NRG solution is, that there are always two fixed points
for a given coupling. There reason is actually quite sim-
ple. The uncoupled lead has a unique ground state at
half filling only for an even number of sites, for an odd
number of sites there is a twofold degeneracy correspond-
ing to 〈Sˆz〉 = ±1/2 as the number of fermions is odd. In
the limit of J → 0 we have an M -site chain perturbed by
a local moment. In the J → ∞ limit, the spin impurity
and a conduction band electron form a singlet. There-
fore there is one fermion less in the conduction band and
the odd-even effect is reversed. Indeed, the cross-over at
the Kondo scale TK exchanges the odd and even sectors.
That is also the reason why there are only fixed points
for T 2 and not for T in Eq. (6).
In Fig. 3 we have used different symbols for the odd and
even M results. The unique feature of the new fixed point
is that this odd-even parity effect is lifted and the system
flows uniquely to the even parity fixed point. Note that
in the strong coupling regime the odd and even parity
sectors are exchanged due to the formation of the Kondo
singlett. In return we can not use the parity to distin-
guish the ground states. This is actually a pretty peculiar
property, as fermionic operators always appear with an
even number of factors in terms of an Hamiltonian. We
have checked that neither a Rashba type spin-orbit cou-
pling nor a BCS singlet or triplet pairing term in the lead
generates such a fixed point, which is obvious as they all
conserve fermion parity. Indeed, in order to break the
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FIG. 4. The RG flow of the low energy spectrum for a Kondo
model with coupling J = 0.25 vs. the NRG step (lead size) M ,
where the N and Sz conservation is not explicitly enforced,
m = 400 states are kept using Λ = 2.0. Calculations are
performed using gmp/mpfr multi precision arithmetic. The
lines show a fit to the first excited state in the M even sector,
which allows to extract the cross over Scale Tp, see Fig. 5.
fermion parity we would need terms consisting of an odd
number of creation and annihilation operators.
While so far the results have been performed in double
precision, we now also show results for long double pre-
cision in Fig. 3, where the parity lifting fixed point is
shifted to a significantly lower energy scale. At a first
sight this looks like an ordinary numerical rounding arte-
fact. However, in that case we expect to obtain noisy re-
sults and not a flow to a new fixed point. It is important
to note that the actual fixed point spectrum is indepen-
dent of the the coupling constant J , the number of states
m kept, provided it is not too small, and the numerical
precision. All these parameter influence the position of
the cross–over, not the final energy spectrum, which it-
self is stable without further instabilities when continuing
the NRG flow. In our opinion these findings suggest that
the result has to be related to a physical effect, otherwise
we should not find such a stable result. The only physi-
cal implication of the precision dependent results is given
by the mapping of the continuous description within the
Hamiltonian with real or complex numbers numbers onto
a discrete world, as the floating point numbers possess a
limited precision only. It is also clear that a truncation
due to the discreteness of the representation does not
respect the symmetries of the Hamiltonian and allows
breaking all of them. Therefore, the discreteness of the
representation explains how we can break charge and spin
conservation leading to a fixed point, where the fermion
parity is lifted. In order to substantiate this interpreta-
tion we investigate the the crossover using the gmp multi
precision library [28] via the mpfr interface [29]. The ad-
vantage of the gmp based numbers is, that they perform
the numerics with precisely the number of bits requested.
In contrast, on the Intel type architecture used for the
results in this work, double precision computations per-
formed within the register are often performed with 80
bit resolution, and truncated to 64 bit when stored to
memory. In addition, fused multiply adds also use higher
precision for intermediate results. Therefore it is hard to
actually specify the precise precision of a double com-
putation. Similarly it not obvious, how long double
arithmetic is actually implemented. The downside of the
gmp based numerics is, that it is significantly slower.
In Fig. 4 we show the results obtained using the gmp
numbers. The results show that the precision of the nu-
merics sets the cross-over scale, while all calculations flow
to the same fixed point. In order to extract the scaling
of the results we fit
f(M) = s
(
1 + tanh
(
M −Mp
w
))
/2 (8)
to the first excited state to the results. The fits shown
by lines in Fig. 4 demonstrate that Eq. (8) is suited to
extract the cross over scale.
 25
 50
 75
 100
 40  60  80  100  120  140  160
 - 
lo
g 1
0 
Λ(M
p-
1)
/2
 
Precision p [bit]
Λ=2.0, m=250
Λ=2.0, m=400
Λ=2.5, m=300
Λ=3.0, m=300
linear fit
FIG. 5. The cross-over sale Tp as obtained from fitting
Eq. (8) as shown in Fig. 4 vs. the numeric precision in number
of bits p of the mantissa of the floating point variables. The
pluses correspond to λ = 2.0 and m = 250, the crosses to
λ = 2.0 and m = 400, the squares to Λ = 2.5 and m = 300,
and the circles to Λ = 3.0 and m = 300.
In Fig. 5 we show the cross-over scale obtained from
such fits for Λ = 2.0, 2.5, and 3.0 and for different num-
ber of states m kept. Most strikingly we find a linear be-
haviour between the precision of the numerics in bits, i.e.
log2 of the actual precision, and the log of the cross-over
scale set by Mp. The fact that we find the same scaling
relation for different Λ and m provides strong evidence
that our findings are not just numerical noise. Instead
they demonstrate that the results correspond to those of
a discrete world.
SUMMARY & OUTLOOK
In this work we have shown that a (hypothetical) dis-
creteness at a low energy scale can induce a new fixpoint
5in the RG flow of the Kondo model which displays the
unique feature of a broken charge and spin conservation.
Therefore, such a scenario should provide clear signatures
for experimental observation. We would like to note that,
although the fixed point found in this work is remarkable,
it is based on one specific scenario for a discrete world at
low energy scales. In the way the NRG works by always
blowing up the actual scale our discreteness is a relative
one, as in the calculations presented here we are not lim-
ited by an absolute scale, just for a process at energy
E the world looks discrete on a scale 2−pE. One could
also interpret the results as describing a world where the
commutation laws are not valid at lowest scales.
Yet the stability of the results found in this work sug-
gests, that the symmetry breaking introduced by a dis-
crete energy space, e.g. a finite size universe, should lead
to experimentally observable signatures. In addition we
have shown that a discrete world may lead to a fermion
parity lifted phase. From a numerical perspective we
can conclude that if someone finds a parity lifted phase
in an NRG calculation its presumably due to a limited
precision. While the use of the standard numerical type
is convenient, they have the disadvantage of not being
invented to describe a discrete world. Due to the ex-
ponentials part the discreteness is always relative to the
largest scale, which is here given by the band width of the
system. It will be interesting to study the RG flow using
a fixed precision arithmetic which introduces a physical
scale.
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